Sensitivity analysis methods were used in conjunction with a mathematical model for corrosion pit initiation in the vicinity of MnS inclusions in stainless steel to investigate the relationship between physicochemical parameters and the potential and concentration distributions. The finite difference method with central differences was used to calculate sensitivities. The mathematical model of pit initiation included 20 species plus the potential and 13 physicochemical parameters including rate constants for chemical and electrochemical surface reactions and equilibrium constants for homogeneous reactions. It was found that the potential and concentration profiles are most sensitive to the Tafel slope of the rate of electrochemical dissolution of sulfur-containing inclusions and least sensitive to changes in the equilibrium coefficients of the homogeneous reactions. The rate constant for the electrochemical reaction for dissolution of sulfide inclusions was also found to be significant. The procedure provides a first step toward selecting the most important parameters, designing critical experiments, and selecting the hypothesis that best fits experimental data. Pitting corrosion of stainless steel ͑SS͒ is a localized phenomenon that may initiate at various types of surface sites including sulfide inclusions. Interest in pitting corrosion is high because it is often a first step leading to crevice corrosion, corrosion fatigue, stress-corrosion cracking, and failure of coatings. The various mechanisms by which initiation occurs, a subject of longstanding interest, have increasingly been investigated with the aid of mathematical models. While there are various modeling approaches, we focus here on an approach where the underlying physical phenomena associated with the mechanisms are expressed by continuum equations for reaction, transport, and equilibration among species. Although numerical simulation of complex corrosion systems can provide useful insight, there is also the need for additional numerical methods. In this work we focus on the assessment of uncertainty. For example, the validation of models by comparison with experimental data requires specification of the hypothesis of corrosion mechanism ͑of which the literature provides multiple reasonable choices͒ as well as values for the system parameters ͑some of which may be difficult or impossible to measure directly͒. Various kinds of uncertainty therefore arise. The motivation for the present work is to apply numerical analysis tools to identify the most sensitive parameters associated with one particular hypothesis of mechanism. Such tools may find use in addressing questions such as: What properties of a system are responsible for its observed behavior? What is the most promising experiment to refute or confirm a model? Which of several hypotheses best agrees with experimental data from heterogeneous sources?
Pitting corrosion of stainless steel ͑SS͒ is a localized phenomenon that may initiate at various types of surface sites including sulfide inclusions. Interest in pitting corrosion is high because it is often a first step leading to crevice corrosion, corrosion fatigue, stress-corrosion cracking, and failure of coatings. The various mechanisms by which initiation occurs, a subject of longstanding interest, have increasingly been investigated with the aid of mathematical models. While there are various modeling approaches, we focus here on an approach where the underlying physical phenomena associated with the mechanisms are expressed by continuum equations for reaction, transport, and equilibration among species. Although numerical simulation of complex corrosion systems can provide useful insight, there is also the need for additional numerical methods. In this work we focus on the assessment of uncertainty. For example, the validation of models by comparison with experimental data requires specification of the hypothesis of corrosion mechanism ͑of which the literature provides multiple reasonable choices͒ as well as values for the system parameters ͑some of which may be difficult or impossible to measure directly͒. Various kinds of uncertainty therefore arise. The motivation for the present work is to apply numerical analysis tools to identify the most sensitive parameters associated with one particular hypothesis of mechanism. Such tools may find use in addressing questions such as: What properties of a system are responsible for its observed behavior? What is the most promising experiment to refute or confirm a model? Which of several hypotheses best agrees with experimental data from heterogeneous sources?
The role of sulfide inclusions has been widely investigated. Sulfide inclusions play an important role in the initiation of pitting corrosion. Various researchers have studied initiation of pitting corrosion with a range of experimental techniques to clarify various events during early stages of sulfide inclusion dissolution, ͑e.g., Ref.
1-3͒ and pit growth. Sulfur-containing species have been detected during dissolution of sulfide inclusions, [4] [5] [6] [7] [8] and pH measurements have been taken at various locations during sulfide dissolution. 9 The influence of applied mechanical stress on pit initiation has been investigated. 10 More recently, an electrochemical microcell was used to obtain electrochemical data and chemical composition at the vicinity of the sulfide inclusions. 11, 12 In the present work we consider in detail a mathematical model of one particular mechanism developed to simulate pit initiation at a single MnS inclusion in SS within an electrochemical microcell. 13 The model examined the hypotheses that pit initiation occurs by depassivation of SS as a result of accumulation of thiosulfate ions above a critical concentration in the presence of chloride, and that the rate of inclusion dissolution was catalyzed by chloride. The model was used to predict the variation of potential in time and distance during the pit initiation and also to predict the dependence of pitting potential on the chloride concentration for a single inclusion. The emphasis in the present work is to apply numerical procedures for assessment of parameter sensitivity and to demonstrate their use with one hypothesis of mechanism.
In this work, the system of coupled nonlinear equations reported previously 13 was solved numerically using a finite difference method whose solution at each time step involved the solution of 120,771 algebraic equations for a chloride-containing system. Parameters in the simulation model included diffusion coefficients of 20 different species, chemical/electrochemical rate constants, and equilibrium constants. The numerical values of many of these parameters reported in literature vary widely. However, it is well known that the dynamic behavior of a complex chemical transport system is often specified by the values of only a subset of all the parameters 14 and that variations in the other parameters have a small effect. As a simple example of this, consider five first-order reactions in series where the rate constants for the last four reactions are a factor of ten larger than the rate constant for the first reaction. The concentration vs. time plots for all chemical compounds in the system are very sensitive to changes in the rate constant for the slowest reaction but are relatively insensitive to variations in the rate constants of the fast reactions. A similar effect occurs in complex reaction networks, which have many reactions in parallel, in series, and intimately coupled. In such systems, experimental effort is reduced by focusing only on determining the values for the most critical parameters.
Parameter sensitivity analysis is used to determine which of the parameters are the most significant by determining the effect of perturbing the parameters on the process outputs.
14 Such analysis aids in selecting those parameters to be estimated for further analysis using simulation and/or experimental data and in designing future experiments. Parameter sensitivity analysis is a well-developed area 15 and has been applied in many engineering applications in which mathematical models are used. While many applications of mathematical modeling to corrosion have been reported, [16] [17] [18] [19] [20] [21] [22] [23] to our knowledge parameter sensitivity analysis has yet to be used to analyze mathematical models. In this study, parameter sensitivity analysis was applied to the pit initiation model developed by Webb and Alkire. 13 The perturbation effects of thirteen parameters on 21 output variables were investigated. The output variables considered were the potential and concentrations of 20 species at the bottom of a microcrevice which is believed to be the most probable location for pit initiation. 13 A brief summary of the mathematical model for pit initiation in SS is given in the Appendix.
Parameter Sensitivity Analysis
A formal definition of parameter sensitivity can be given as ''the effect of parameter changes on the dynamics of a system, that is, the time response, the state, the transfer function, or any other quantity characterizing the system dynamics.'' 15 In parameter sensitivity analysis, each parameter in the model is perturbed to determine how sensitive the model outputs are to the changes in the parameter. A sensitivity is defined as the partial derivative of an output variable with respect to a parameter where the ''nominal'' parameters are the base case parameters for which the model is initially developed. For example, consider the mathematical model of a system
where y is a vector of output or dependent variables, x and t are independent variables, ␤ is a parameter vector, and f is a dynamic operator representing the output of a system of coupled partial differential equations. Then the first derivative of y i with respect to ␤ j is the sensitivity
and the matrix
is called the sensitivity matrix, where n is the number of observed outputs and p is the number of parameters. Another quantity that is commonly used is the normalized sensitivity
Thus the normalized sensitivity matrix is
The advantage of the normalized sensitivity matrix is that its elements are not functions of the units of the parameters.
There are many methods for the determination of the partial derivatives including the direct differentiation method, the Green's function method, and the finite difference method. 14 In the direct differentiation method, the sensitivities are obtained by differentiating the differential equations for the mathematical model with respect to each parameter. This introduces n ϫ p more differential equations to be solved in addition to the original n differential equations, which is quite computationally expensive. The computational cost can be reduced by careful implementation of the numerical algorithms used to compute the sensitivities. 24 In the Green's function method, n ϫ n differential equations plus n integrals are solved. This method is more computationally efficient than the direct differentiation method when the number of parameters is much larger than the number of outputs. Another method known as the adjoint method also has computational advantages for such problems. 25 The finite difference method typically uses a forward or a central difference approximation of the partial derivatives
To estimate the sensitivities using the central difference approximation, n differential equations are solved twice ͑one for negative perturbation and the other for positive perturbation͒ for each parameter. Each perturbation should be selected small enough that the effect of the higher order nonlinear terms in the finite difference approximation is negligible and large enough that the calculations are not significantly influenced by the simulation tolerance.
The particular method to be used for sensitivity calculations depends on the application. The finite difference method is the easiest to implement for systems of coupled nonlinear partial differential equations and was used here.
Parameter Sensitivity Analysis of the Pit Initiation Model
The continuum model for pit initiation described in the Appendix has 21 output variables that include the solution potential and the concentrations of 20 species at different locations in the simulation domain. The physicochemical parameters investigated using sensitivity analysis were the reaction rate constants ͑both chemical and electrochemical͒, the equilibrium constants, and the Tafel slope of the rate of the electrochemical dissolution ͑m͒ ͑see Table I͒. The effects of thirteen parameters were determined, which required 2 ϫ (no. of perturbed parameters) ϩ 1 ϭ 27 sets of perturbed parameters. The code for the numerical solution of the model was written with an object-oriented programming approach which composed the model from objects that were placed outside of the region of code that solves the model equations. In this manner, the particular choice of species, reactions, system parameters, solution compositions, and geometry can be altered without additional code modifications. Twenty-seven jobs for the 27 parameter sets were created to solve the numerical problem without changing the source code.
The accuracy of the finite difference estimates is a function the magnitude of the perturbation, ⌬␤, which should be small enough that the effect of the higher order terms in the finite difference approximation is negligible, yet large enough that the estimate is insensitive to the simulation tolerance. For a complex reaction model the effect of the higher order terms is not known a priori, so it is standard practice to compute the estimates for a range of values for ⌬␤.
14 In this paper, simulations were performed for 5, 10, 20, and 30% perturbations in each parameter to see the effects on the estimates. Also, performing several perturbation magnitudes is useful for model understanding in its own right, as it allows a determination of which parameters have a strong nonlinear effect on the process outputs.
The simulations for multiple parameter sets were carried out in ''super batch'' mode on an SGI Origin 2000 at the National Center for Supercomputing Applications ͑NCSA͒ at the University of Illinois. Parallel computational technique was used to solve the numerical problem because there were 27 sets of parameters, each of which involved many equations to be solved simultaneously and required substantial amount of computational time and resources. The use of PETSc ͑Portable, Extensible Toolkit for Scientific Computation͒, 26 a set of numerical solvers and data structures, allowed efficient parallelization of the code that resulted in a significant decrease in computational time. To calculate the sensitivities, outputs from the PETSc solver required some format changes. Outputs of the simulation code were postprocessed to obtain the simulation output data in the proper format for further analysis. The sensitivities were then calculated using the finite difference expression in Eq. 6.
Results and Discussion
According to the hypothesis and model under consideration here, 13 pit initiation occurs at the bottom of the microcrevice adja-cent to a sulfide inclusion. The output variables of the model were therefore obtained at this location. Quantitative results are presented in terms of normalized sensitivity coefficients, which are easier to interpret because they are not a function of the units of the parameters. The sensitivities in Eq. 2 are a function of the units or scaling of the parameters, which can be misleading if not interpreted carefully. The base case calculations for the chloride chemistry were carried out for a 100 m diam microcell with a 20 m diam MnS inclusion at 150 mV overpotential (E appl Ϫ E MnS ), pH 6, and 1.0 M NaCl. The base case parameters selected for the sensitivity analysis are shown in Table I . In addition, the variation of overpotential from 150 to 300 mV was carried out.
Effect of electrochemical rate constant.-The results of perturbing the electrochemical rate constant i MnS 0 from the base case value at 150 mV overpotential for the species involved in Eq. A-1 are shown in Fig. 1 and in Table II . The potential is significantly sensitive to perturbations in the electrochemical rate constant with a normalized sensitivity coefficient of 0.85. The pH and chromium ion concentrations are also significantly affected ͑sensitivity coefficients Ϫ0.1 and 0.035, respectively͒. The significant effects may be because the electrochemical reaction directly affects the hydrogen ion and Mn 2ϩ concentrations, which affect the chromium ion concentrations ͑see Table I͒ . Increasing i MnS 0 produces more hydrogen ions ͑see Eq. A-1͒, which decreases the pH ͑as seen in Fig. 1͒ . The chromium ion concentration depends nonlinearly on changes in the electrochemical rate constant larger than Ϯ20%, whereas the effect on the other outputs is linear for the whole range of perturbations. The sensitivity estimates in Table II are consistent with a small deviation for the chloride concentration for perturbations of 5% and for the chromium ion concentration for perturbations larger than 10%.
Effect of Tafel slope of the electrochemical dissolution rate.-Changes in the Tafel slope of the electrochemical dissolution rate m on the outputs are reported in Fig. 2 and Table II . The effect on the potential is very large ͑sensitivity coefficients 3.31-4.75͒, and this effect is nonlinear except for the smallest perturbations. The effect on the pH is significant, but linear. The effect on the chromium ion concentration is nonlinear and much smaller for an increase in the slope of the electrochemical dissolution rate than a decrease. The nonlinear effect of this parameter on the potential and chromium ion concentration is due to the exponential nature of the electrochemical rate in Eq. A-2. The effect of m on the chloride ion concentration is not significant ͑sensitivity coefficient 0.0025͒. The possible reason for the insignificant effect is that the base case over- potential ͑150 mV͒ was not close to the pitting potential. Because of the significant effect of m on most of the outputs, this parameter requires special attention for further analysis, parameter estimation, and experimental design. Fig. 3 and the sensitivities are reported in Table II . The pH and chromium ion concentration were somewhat affected by perturbations in the chemical rate constant ͑sensitivity coefficients are 0.099 and Ϫ0.037, respectively͒, whereas the changes in the potential and chloride ion concentration are insignificant ͑sensitivity coefficients are Ϫ0.0066 and Ϫ0.000019, respectively͒. The significant effects on pH and chromium ion concentration could be suspected from inspection of the heterogeneous and homogeneous chemical reaction network. An increase in the rate for the chemical reaction in Eq. A-3 directly depletes hydrogen ion, which results in a higher pH. An increase in the chemical rate constant k produces more Mn 2ϩ ion, which can react with water to produce another hydrogen ion ͑see Table I͒. The effects of producing and depleting H ϩ ion are not balanced, which directly affects the species concentrations in the homogeneous chemical reactions that include both hydrogen and chromium ions. As shown in Fig. 3 , the output variables are more or less linear to changes in the chemical rate constant k, with the magnitude of the effect of positive perturbations on pH being slightly smaller than for negative perturbations. As shown in Table II , the estimates of the sensitivities are consistent for a wide range in perturbations in the chemical rate constant k.
Effect of chemical rate constant.-The output variables resulting from changes in the chemical reaction rate constant k for MnS dissolution in Eq. A-3 are reported in
Effect of equilibrium constants.-The effects of perturbing the equilibrium constants K Cr(OH) and K Cr(OH) 2 are presented in Table II . These two parameters had negligible effect on all the outputs except that K Cr(OH) affected the chromium ion concentration in a linear manner. Except for the effect of K Cr(OH) on the chromium ion concentration, which had consistent estimates for all perturbations, the sensitivities associated with these two equilibrium constants are very close to zero. This suggests that a simpler chemical reaction network may be sufficient in modeling pit initiation at the operating conditions used in the current model. However, at different operating conditions the equilibrium constants may be more significant.
Values of equilibrium constants for chromium hydrolysis reported in the literature vary widely, indicating these parameters are not known accurately. Because the sensitivity results indicate that uncertainties in the value of these parameters have a negligible influence on most model outputs ͑especially for K Cr(OH) 2 ), there is not a strong motivation for doing ab initio thermodynamic calculations or focused experiments to determine the value of these parameters more accurately at the current operating conditions.
Quantitative results for perturbing the equilibrium constants for the other homogeneous reactions are reported in Table III . Most of the parameters have a small effect on the outputs, the exceptions being K MnCl 2 and K CrCl 2 , which affect the potential and chromium ion concentrations, respectively. These results were somewhat unexpected, because they indicate that accurate values of most of the equilibrium constants for the homogenous reactions are not needed to model pit initiation. Perhaps the values for the constants may play a more important role for different operating conditions.
Effect of applied overpotential.-The effect of variation in applied overpotential (E appl -E MnS ) on the parameter sensitivities was investigated over the range 150-300 mV. The sensitivities of the electrochemical rate i MnS 0 , the Tafel slope m of the electrochemical dissolution, and the chemical rate constant k are shown in Fig. 4 for a perturbation of 20%. However, for normalized sensitivities, varying the size of perturbation did not change the sensitivities significantly. The sensitivities of other parameters did not show significant change with the variation in the overpotential. The largest effect of overpotential was on the sensitivities of the Tafel slope ͑m͒ for all output variables. We interpret the dependence of the sensitivity of m on overpotential to indicate that the importance of the electrochemical reaction becomes significant as overpotential ramps up, and certain aspects of the chemistry therefore turn on as the overpotential is increased.
Conclusions
Parameter sensitivity analysis was applied to a pit initiation model that examines the hypotheses that pit initiation occurs by depassivation of SS as a result of accumulation of thiosulfate ions above a critical concentration in the presence of chloride, and that the rate of inclusion dissolution was catalyzed by chloride. A finite difference method was used to calculate the normalized sensitivity coefficients for thirteen physicochemical parameters ͑shown in Table I͒ used in the mathematical model. The base case calculations were performed under steady-state conditions at the chemical environment: a single shallow sulfide inclusion ͑20 m diam͒ with a microcrevice, positioned at the center of a 100 m diam microcapillary containing 1.0 M NaCl at pH 6, and polarized to an overpotential (E appl -E MnS ) of 150 mV.
Among the thirteen parameters investigated,the most significant was m, the Tafel slope of the electrochemical rate of MnS dissolution. The m parameter has a nonlinear effect on the output variables ͑see Fig. 2 and Table II͒ and the large magnitude of the effect indicates that it is important to estimate this parameter accurately.
The electrochemical rate constant for MnS dissolution has a significant effect on the potential ͑see Fig. 1 and Table II͒ , some effect on the pH, and a small effect on the chromium ion concentration. This parameter should be included in future parameter estimation studies. Perturbing the chemical reaction rate k has some effect on the pH and chromium ion concentration ͑see Fig. 3 and Table II͒ . Only a few outputs were affected by variation of the equilibrium constants K Cr͑OH͒ , K MnCl 2 , and K CrCl 2 . All the outputs were insensitive to variations in the other equilibrium constants. The sensitivities of the m parameter were significantly affected by the variation in the applied overpotential ͑see Fig. 4͒ and needs to be investigated further.
The sensitivity analysis identified the important parameters such as m, which can help in the search for inhibitors of corrosion initiated at pits. As noted by Suter et al., 10 the slope of the polarization curve during MnS dissolution depends on the onset potential of the MnS dissolution. The more positive the onset potential, the steeper the increase of the dissolution peak, which results in an increasingly acidic environment that encourages pit dissolution.
The parameter sensitivity analysis indicates that one way to gain confidence in the predictive ability of the model would be to obtain direct experimental measurements of the concentrations of the species in Eq. A-1 and A-3 at single inclusions. These data could be incorporated in a direct parameter estimation algorithm to reduce the uncertainty in the values for the chemical and electrochemical kinetic rate parameters. Although not all of the species concentration in these equations can be measured in practice, the more that are measured, the better the parameters could be estimated. An alternative approach would be to apply maximum likelihood parameter estimation 27, 28 to all of the experimental data collected for single pit inclusions, where only the most important parameters identified in this study are included in the estimation procedure.
The results identified the physicochemical parameters that are the most sensitive in the chemistry studied by Webb and Alkire 13 for the set of base case parameters. The object-oriented code written for the solution of the mathematical model allows its use to explore different chemistries and mechanisms for the pit initiation process without additional code modifications. Performing parameter sensitivity analysis on other hypothesized chemical mechanisms and comparing the results to experiments can be used to assess which hypothesis of mechanism best describes pit initiation. 
